If a smooth compact 4-manifold M admits a Kähler-Einstein metric g of positive scalar curvature, Gursky [24] showed that its conformal class [g] is an absolute minimizer of the Weyl functional among all conformal classes with positive Yamabe constant. Here we prove that, with the same hypotheses, [g] also minimizes of the Weyl functional on a different open set of conformal classes, most of which have negative Yamabe constant. An analogous minimization result is then proved for Einstein metrics g which are Hermitian, but not Kähler.
The curvature tensor R of a smooth Riemanian n-manifold (M, g) can invariantly be decomposed into the scalar curvature s, the trace-free Ricci curvaturer, and the Weyl curvature W : The Weyl curvature tensor is exactly the conformally invariant part of R, in the sense that W a bcd is unchanged if we multiply g by any smooth smooth positive function, whiler and s can both be made to vanish at any given point by making a suitable choice of conformal factor. Moreover, if n ≥ 4, a Riemannian metric is locally conformally flat iff its Weyl tensor vanishes identically.
If M is a smooth compact oriented n-manifold, n ≥ 4, the Weyl functional
then only depends on the conformal class
of the metric, and may be considered as a natural measure of how far [g] deviates from conformal flatness. It is thus natural and interesting to study the infimum of W among all metrics on a given manifold M, and to ask whether there is actually a minimizing metric which achieves this infimum. This problem seems to have first been discussed by Atiyah, Hitchin, and Singer [3] , who observed that, when n = 4,
where τ (M) = b + (M) −b − (M) = p 1 (M)/3 denotes the signature of M. Soon afterwards, Osamu Kobayashi [29] went on to observe that this generalizes to other dimensions: whenever the oriented cobordism class [M] has infinite order, inf W must be strictly positive. The 4-dimensional case features many idiosyncracies which make the problem particularly important and compelling in this dimension. For example, if g is an Einstein metric on a smooth compact 4-manifold M, its conformal class [g] is a critical point of the Weyl functional; but this is not true in higher dimensions, as the Riemannian product of the unit 2-sphere with the round m-sphere of radius √ m − 1 = 1 is an Einstein manifold that does not solve the Euler-Lagrange equations for W . Generally speaking, the special character of n = 4 arises from the fact that there is an invariant decomposition
depending only on the orientation and the conformal class [g], of the 2-forms into their self-dual and anti-self-dual parts. This in turn induces a conformally invariant decomposition
of the Weyl tensor into the self-dual and anti-self dual Weyl tensors W ± , explicitly given by we immediately deduce (1) , with equality iff W − = 0 (in which case [g] is said to be self-dual) or W + = 0 (in which case [g] is said to be anti-self-dual). The same reasoning yields the identity
so that the study of the Weyl functional on a fixed 4-manifold is completely equivalent to studying the L 2 -norm of the self-dual Weyl curvature. One remarkable consequence [3] is that the Fubini-Study metric on CP 2 is an absolute minimizer of the Weyl functional; moreover, Poon [46] proved that, up to conformal isometry, this is the only minimizer on CP 2 with positive Yamabe constant. While these arguments hinge on the fact that the Fubini-Study metric is self-dual, one might wonder whether this might somehow also reflect the fact that it is a Kähler-Einstein metric. For example, the standard product metric on S 2 × S 2 is also Kähler-Einstein, and Kobayashi [29] discovered interesting evidence in support of the conjecture that this metric is also a minimizer of the Weyl functional. In fact, an elegant argument due to Gursky [24] provides a beautiful, general result in this direction:
Theorem (Gursky) Of course, this does not quite answer the question, because the requirement that [g] have positive Yamabe constant excludes "most" conformal classes on M. In this article, we will push our understanding of the problem in a new direction by showing that λ > 0 Kähler-Einstein metrics also minimize the Weyl functional for a different large open set of conformal classes, most of which have negative Yamabe constant. We will then extend this result to Einstein metrics which are merely Hermitian, rather than Kähler.
If a compact complex surface (M, J) admits an Einstein metric g which is Hermitian with respect to J and has Einstein constant λ > 0, then (M, J) has [31] ample anti-canonical line bundle K −1 , often abbreviated as c 1 > 0. Complex surfaces with c 1 > 0 are called del Pezzo surfaces [13, 41] ; they are precisely the Fano manifolds of complex dimension 2. Every del Pezzo surface conversely admits [10, 36, 43, 52] a Hermitian, λ > 0 Einstein metric which is compatible with the specified complex structure, and this metric is unique [34] up to complex automorphisms and rescalings. Any del Pezzo surface is biholomorphic either to CP 1 × CP 1 or to a blow-up CP 2 #kCP 2 of the complex projective plane at k points in general position, 0 ≤ k ≤ 8. In most cases, the relevant Einstein metric is actually Kähler-Einstein. In fact, there are just two cases in which this fails to be true: CP 2 #CP 2 and CP 2 #2CP 2 . In these exceptional cases, the Einstein metric is not Kähler, but is nonetheless related to a Kähler metric by conformal rescaling.
One important topological property of any del Pezzo surface (M, J) is that b + (M) = 1, so that the intersection form
is a Lorentzian inner product. Consequently, the space of self-dual harmonic 2-forms is 1-dimensional for any Riemannian metric g on a del Pezzo surface M. However, since a self-dual 2-form is harmonic iff it is closed, the space of self-dual 2-forms depends only on the conformal class [g] of the metric. Thus, up to multiplication by a non-zero real constant, there is a unique non-trivial self-dual harmonic 2-form ω associated with any conformal class [g]. We will say that [g] is of symplectic type if this harmonic self-dual 2-form satisfies ω = 0 at every point of M. When this happens, (M, ω) is a symplectic 4-manifold, and in particular has a well-defined first Chern class
Theorem A. Let M be the underlying 4-manifold of a del Pezzo surface. Then any conformal class [g] of symplectic type on M satisfies
with equality iff [g] contains a Kähler metric g of constant scalar curvature. However, the lower bound occurring in Theorem A is stronger than that in Theorem B. As we will see in §4, this leads to some interesting constraints on the geometry of Einstein metrics.
The condition that a conformal class be of symplectic type is open [25, 32] in the C 2,α topology; in this sense, the condition is analogous to the Gursky's condition that the Yamabe constant be positive. Nonetheless, "most" conformal classes of symplectic type have Y ([g]) < 0; see [27, 28] , or Proposition 4 below. Thus, Gursky's result and Theorem A apply to rather different open sets in the space of conformal classes. This might be interpreted as supporting the conjecture that, in real dimension 4, positive Kähler-Einstein metrics are absolute minimizers of the Weyl functional among all conformal classes on the fixed manifold.
Gursky's result and Theorem A provide us with a good picture of the behavior of the Weyl functional in the vicinity of an Einstein metric which is Kähler. However, there are two del Pezzo surfaces, namely the one-and two-point blow-ups of CP 2 , which do not admit Kähler-Einstein metrics. In these cases, however, there still exist Einstein metrics which are Hermitian with respect to the complex structure. Moreover, such metrics are automatically conformally Kähler [31] , so their conformal classes are necessarily of symplectic type. It thus seems irresistible to ask whether these preferred Einstein metrics are minimizers in the same sense as their Kähler-Einstein cousins.
Our present result in this direction involves an additional assumption concerning the conformal isometry group. The del Pezzo surfaces CP 2 #CP 2 and CP 2 #2CP 2 are both toric, in the sense that their complex automorphism groups contain a 2-torus T 2 = S 1 × S 1 . Moreover, any Einstein Hermitian metric on one of these manifolds is necessarily toric, in the sense that it is isometric to a metric which is invariant under this fixed 2-torus action.
This makes it natural to consider the conformal classes of these metrics as members of the symplectic conformal classes which are T 2 -invariant. In this narrower context, we can then show that these special Einstein metrics do indeed minimize the Weyl functional:
Theorem C. Let M be the underlying 4-manifold of a toric del Pezzo surface, and let g be an Einstein metric on M which is Hermitian and invariant under the fixed torus action. Then the conformal class [g] minimizes the Weyl functional among symplectic conformal classes which are invariant under the torus action. Moreover, up to diffeomorphism, [g] is the unique such minimizer.
The proof of this result is given in §3. In point of fact, the proof yields considerably more information than is indicated by the mere statement of Theorem C, and this has interesting consequences that are then explored in §4. We then conclude by discussing various questions and speculations in §5.
Almost-Kähler Geometry
Let (M,ĝ) be a smooth compact oriented Riemannian 4-manifold , and let ω be a self-dual harmonic 2-form on M. Suppose, moreover, that ω = 0 at every point of M. Now, any self-dual 2-form on an oriented Riemannian satisfies
so that the closed 2-form ω is, in particular, a symplectic form on M. However, harmonicity is a conformally invariant condition on middle-dimensional forms, and we can obviously conformally rescale the metricĝ to obtain a new metric g such that |ω| g ≡ √ 2; the unique such g is explicitly given by
The endomorphism J of T M then defined by J a b = ω ac g cb is an almostcomplex structure on M, and the relationship between ω, g, and J is that of an almost-Hermitian manifold; and because ω is a closed 2-form by hypothesis, one says that (M, g, ω) is an almost-Kähler manifold [53] . In this situation, it is traditional [2, 7] to define the star-scalar curvature to be
where R is the Riemann curvature tensor, so that, in our 4-dimensional setting
Since the Weitzenböck formula for self-dual harmonic 2-forms asserts
and hence that s * ≥ s, with equality iff (M, g, J) is a Kähler manifold. The average ς = s * + s 2 of the star-scalar and Riemannian scalar curvatures is usually called the Hermitian scalar curvature [2, 37] , and will play a central role in our discussion. The importance of this quantity was perhaps first discovered by Blair [7] , although the true depth of its significance has only recently emerged more recently, through Donaldson's clarification [15, 16] of a moment-map picture first proposed by Fujiki [6, 17] . For our immediate purposes, the important point is that the anti-canonical line bundle L := K −1 = ∧ 2 T 1,0 admits a natural connection whose curvature F has self-dual part given [2, 33] by
Lemma 1. Let (M 4 , g, ω) be an almost Kähler manifold. Then g satisfies
with equality everywhere iff g is Kähler, with Kähler form ω, and scalar curvature s ≥ 0.
Proof. Equations (2) and (3) tells us that
with equality only at points at which ∇ω = 0. On the other hand, if
is the largest eigenvalue of W + : Λ + → Λ + at each point of M, we have
because W + is trace-free. Thus
and equality can occur only if (M, g, ω) is Kähler, with scalar curvature ≥ 0. Conversely, any 4-dimensional Kähler manifold satisfies |W + | = |s|/2 √ 6 and s = ς. Such a manifold therefore saturates the inequality everywhere iff its scalar curvature s is non-negative.
Combining Lemma 1 with (4) now immediately yields
with equality iff g is Kähler, with Kähler form ω, and scalar curvature s ≥ 0.
Rational and Ruled Surfaces
As was first observed by Taubes [49] , very few smooth compact 4-manifolds admit symplectic structures such that c 1 · [ω] > 0. Indeed, using further results of Taubes [50] , Lalonde-McDuff [30] and Liu [39] were later able to show that any such 4-manifold is symplectomorphic to a rational or ruled complex surface, equipped with the symplectic structure associated with some choice of Kähler metric. Recall that a minimal ruled surface is the total space of a holomorphic CP 1 -bundle over a compact complex curve, and that, more generally, a complex surface is said to be ruled iff it is an iterated blow-up of a minimal ruled surface. A complex surface is said to be rational if it is obtained from CP 2 by a sequence of blow-ups and blow-downs. Thus, a surface is rational or ruled surface iff it is either CP 2 or ruled. These are exactly [5, 22] If M is the underlying smooth oriented 4-manifold of a rational or ruled complex surface, then b + (M) = 1. Consequently, every conformal class [g] on such an M has an associated self-dual harmonic 2-form ω, which is unique up to an overall multiplicative constant. In these circumstances, we will say that [g] is of symplectic type if ω is everywhere non-zero; this is an open condition on the conformal class. A choice of symplectic conformal class [g], together with a self-dual hamonic form ω, determine an associated almost-complex structure J, and thus a first Chern class c 1 (M, ω). It should be emphasized that when we say that a conformal class of symplectic type satisfies c 1 ·[ω] > 0, the first Chern class c 1 appearing in this expression is always understood to denote c 1 (M, ω); for example, if we replace ω with −ω, we correspondingly replace c 1 with −c 1 , so that the sign of c 1 · [ω] remains unchanged. Also note that while self-diffeomorphisms of M can usually be used to produce many different connected components in the space of conformal structures of symplectic type, Lalonde-McDuff/Liu guarantees that any two connected components are in fact related by some diffeomorphism. In particular, we may choose to think of c 1 (M, ω) as the standard first Chern class of a fixed complex structure, as long as we are willing to pay the price of sometimes moving a given conformal class [g] by a diffeomorphism to put it in the connected component that contains the conformal classes of Kähler metrics. Proposition 1. Let M be the underlying 4-manifold of a rational or ruled complex surface, and let [g] be a conformal class on M of symplectic type, with associated symplectic form ω.
with equality iff the conformal class [g] contains a Kähler metric g of constant, non-negative scalar curvature.
Proof. Since |W + | 2 dµ is conformally invariant, we may choose to conformally rescale our given metric in any convenient manner before evaluating the integral. Since our hypotheses imply that the given metric is conformal to an almost-Kähler metric, we may therefore assume henceforth, without loss of generality, that g is actually almost-Kähler.
However, Lemma 2 then tells us that this conformal representative g satisfies
with equality iff g is Kähler with s ≥ 0. Applying the Cauchy-Schwarz inequality, we therefore have
2 /2 is the volume of the almost-Kähler manifold (M, g, ω); moreover, equality would now also imply that |W + | is constant. Since any Kähler metric satisfies |W + | = |s|/2 √ 6, this shows that
with equality iff g is a Kähler metric for which the scalar curvature s is a non-negative constant. When the right-hand side is non-negative, squaring both sides then gives the promised result.
For most ruled surfaces, the sign of c 1 · [ω] will depend on the choice of [g]. However, this difficulty does not occur when c 2 1 (M) ≥ 0. While we could simply quote Lalonde-McDuff [30] or Liu [40] to establish this, we will instead give a more elementary proof that some readers may find illuminating. . Now, because M has b + = 1, there are really two different Seiberg-Witten invariants attached to M, even after we have fixed the orientation and the spin c structure induced by ω; namely, the invariant depends on a choice of one of two chambers [40, 42] . The past chamber consists of pairs (g, η), wherẽ g is a metric, η is self-dual 2-form with respect tog, and 2π[c 1 ]
is a past-pointing time-like vector; here η H is the harmonic part of η with respect tog. Similarly, the future chamber consists of pairs (g, η) for which 2π[c 1 ]
is future-pointing. The Seiberg-Witten invariant is essentially a signed count of gauge-equivalence classes of solutions of the perturbed Seiberg-Witten equations
for any metricg and a generic η such that (g, η) belongs to the given chamber. Now Taubes [48] has shown that, since ω is a symplectic form compatible with a conformal rescaling of g, the Seiberg-Witten invariant is ±1 for the chamber containing (g, tω), when t ≫ 0; in other words, the invariant is necessarily non-zero for the past chamber. In particular, there must be a solution of (Φ, A) of the Seiberg-Witten equations for any (g, η) belonging to the past chamber. On the other hand, the perturbed Seiberg-Witten equations imply the C 0 estimate
for any solution with respect to any metric. Since M admits a metricg of positive scalar curvature s, it follows that (g, η) cannot belong to the past chamber for any self-dual 2-form η of uniformally small norm. Hence (g, 0) cannot even belong to the closure of the past chamber, and must therefore belong to future chamber. Thus, [c 1 ] Up to diffeomorphism, the del Pezzo surfaces are exactly the rational or ruled surfaces with 2χ + 3τ > 0. Theorem A is therefore just a specialization of Theorem 1. It is perhaps worth mentioning, however, that Theorem 1 also applies to a few manifolds which do not arise as del Pezzo surfacesnamely, to CP 2 #9CP 2 and the two oriented S 2 -bundles over T 2 .
Theorem 2. Let M be the underlying 4-manifold of a rational or ruled surface with 2χ + 3τ ≥ 0. Then any conformal class [g] of symplectic type on M satisfies
with equality iff [g] contains a Kähler-Einstein metric g with λ > 0. In particular, equality never occurs if (2χ + 3τ )(M) = 0.
with equality only if the conformal class contains a Kähler metric g with constant positive scalar curvature s. However, the intersection form on
is of Lorentz type, and, for an appropriate time orientation, [ω] is a futurepointed time-like vector, while c 1 is time-like or null future-pointing. By the reverse Cauchy-Schwarz inequality for Minkowski space, we therefore have
with equality iff [ω] is a multiple of c 1 . Theorem 1 therefore implies that Restricting to the case when 2χ + 3τ > 0 now yields Theorem B. For related results regarding manifolds with W + ≡ 0, see [26] .
Finally, notice that equality in (8) can never occur if M = CP 2 #CP 2 or CP 2 #2CP 2 , since neither of these manifolds admits a Kähler-Einstein metric. This raises the question of whether a better estimate might be possible in these cases. In the next section, we will show that such an improvement does at least hold for conformal classes on these manifolds which satisfy an auxiliary symmetry condition.
Einstein Hermitian Metrics
As previously mentioned, every del Pezzo surface (M 4 , J) admits an Einstein metric h which is Hermitian with respect to the complex structure J. In fact [31] , every such metric is conformal to a Kähler metric g. Moreover, this Kähler metric is automatically extremal. Here a Kähler metric g, with compatible complex structure J and Kähler form ω, is said to be extremal if the gradient ∇s of its scalar curvature is a real part of a holomorphic vector field. This requirement can be re-expressed in many equivalent ways:
The last of these conditions is the most relevant one for present purposes, because it says that the symplectic vector field on (M, ω) with Hamiltonian s is actually a Killing field for g. The concept of an extremal Kähler metric was introduced by Calabi [8] , who discovered that, on a compact complex manifold, the extremality condition is equivalent to the Euler-Lagrange equations for s 2 dµ, considered as a functional on all metrics in a fixed Kähler class. Calabi's trailblazing discoveries led him to conjecture [9] that extremal Kähler metrics always minimize this functional among metrics in the fixed Kähler class, and this conjecture was eventually proved by Xiuxiong Chen [11] . Calabi's important theorems in the subject include the fact [9] that, whenever g is an extremal Kähler metric on a compact complex manifold (M, J), the identity component Iso 0 (M, g) of the isometry group of g is a maximal compact connected subgroup of the complex automorphism group Aut(M, J), and so is completely determined, up to conjugacy, by the complex structure.
We have already mentioned the fact, first discovered by Derdziński [14] , that when a Kähler metric on a 4-manifold is conformally Einstein, it is also necessarily extremal. This occurs because 4-dimensional Einstein metrics are critical points of the Weyl functional, and the restriction of |W + | 2 dµ to the space of Kähler metrics is 1/24 times the Calabi functional s 2 dµ. On a compact complex surface (M, J), Derdziński also showed that, if the conformal change from the Einstein metric h to the Kähler metric g is nontrivial, then the scalar curvature s of g must be positive everywhere on M, and that, up to a multiplicative constant, one must have h = s −2 g. This, together with Calabi's above-mentioned result on isometry groups, allowed the present author to show [31] that this phenomenon can only occur on toric del Pezzo surfaces.
Recall that a compact complex m-manifold is said to be toric if it is of Kähler type, has non-zero Euler characteristic, and is endowed with an effective action of of the m-torus T m = R m /Z m by biholomorphisms [35] . Any toric manifold is a smooth projective algebraic variety, and the T m action always arises from an algebraic action of (C × ) m which acts freely on an open dense orbit, but also has a finite, non-empty set of fixed points; in other words, toric manifolds are just the non-singular toric varieties, in the sense of [18] . This point of view makes it particularly apparent that such manifolds are always birationally equivalent to CP m . In particular, toric manifolds are always simply connected, and have Kodaira dimension −∞.
For our purposes, however, the symplectic perspective will be more im-portant. By averaging, any Kähler class on a toric manifold contains Kähler metrics which are invariant under the torus action, allowing one to view them as compact symplectic 2m-manifolds endowed with Hamiltonian T m -actions. Objects of the latter type are called Hamiltonian T -spaces, and Guillemin [23] showed that, conversely, every Hamiltonian T -space arises from a toric manifold. This makes it seem very natural to put the study of toric Kähler metrics into the context of toric almost-Kähler metrics [15, 16, 37] .
Let (M, ω) be a Hamiltonian T -space of real dimension 2m, and let g be any almost-Kähler metric adapted to ω. Let ξ 1 , . . . , ξ m be the unit-period vector fields which generate the T m -action, and let x 1 , . . . , x m be Hamiltonians for these vector fields:
The map x : M → R m is then called the moment map of the torus action, and its image P = x(M), called the moment polytope, is always a Delzant polytope in R m , meaning that a neighborhood in P of any vertex can be transformed into a neighborhood of 0 ∈ [0, ∞) m by an element of SL(m, Z) ⋉ R m ; in particular, every face of ∂P has a unique in-pointing normal 1-form ν which is an indivisible element of the dual integer lattice (Z m ) * . Our normalization of the T m -action is such that the usual m-dimensional Euclidean volume measure da on P is exactly the push-forward of the Riemannian 2m-dimensional volume form dµ on M. Even allowing for automorphisms of the torus T m , the moment polytope is determined by (M, ω) and the group action up to translations and SL(m, Z) transformations. Thus each face of the boundary ∂P has a natural (m − 1)-dimensional measure dλ such that |ν ∧ dλ| = da. Indeed, ∂P is the image of an anti-canonical divisor in M, and dλ is exactly the push-forward of the (2m − 2)-dimensional Riemannian volume measure on this divisor.
If the toric metric g is Kähler, Donaldson [16, 35] discovered that its scalar curvature s satisfies the remarkable formula More recently, Lejmi [37] discovered that this beautifully generalizes to become
in the almost-Kähler case, where ς is the Hermitian scalar curvature, and f is again affine linear. The key observation is that the matrix of functions
thereby generalizing Abreu's celebrated formula for the scalar curvature [1] from the Kähler to the almost-Kähler setting. After carefully analyzing the boundary behavior of the H jk , one then obtains (9) by integrating by parts twice, using the fact that ∂ 2 f /∂x j ∂x k = 0. Now let (M 2m , g, ω) be a compact toric almost-Kähler manifold, and let t be the Lie algebra of vector fields arising from the given torus action. The linear space
of Hamiltonians for Killing fields belonging to t then has dimension m+1, and is exactly the pull-back of the affine-linear functions on R m via the moment
-orthogonal projection, then, because da is exactly the push-forward of dµ, (9) asserts that þ(ς) is completely determined by the moment polytope P . In particular, the affine-linear function we obtain in this way is exactly the same as it would be in the special case in which our chosen metric is Kähler! In particular, this construction allows us to extend the usual definition of the Futaki invariant F : t → R to apply to any toric almost-Kähler manifold. (However, the usual Futaki invariant [20, 19] is conceived of as acting on arbitrary holomorphic vector fields; in the present context, it will merely be defined on Killing fields.) Namely, one first identifies t with the subspace K 0 ⊂ K of functions with integral 0, and then taking the L 2 inner product of elements of K 0 with −ς to obtain an element of t * . If¯ x is the barycenter of P with respect to the standard Euclidean measure da, then t = k 0 can be identified with the affine linear functions which vanish at¯ x. If x instead denotes the barycenter of ∂P with respect to dλ, then
where
is the λ measure of |∂P |. We may thus make the identification
is the displacement vector representing the separation between the barycenter of the interior and boundary of P . The moment-of-inertia matrix matrix Π defined by
now represents the L 2 inner product on K 0 , and Π −1 D represents þ(ς) −ς in terms of the basis {x j −x j } for K 0 ; herē
is the average value of the Hermitian scalar curvature ς, the last expression for which involves the m-dimensional Euclidean volume
, ω) be a Hamiltonian T -space. We then define the virtual action associated with the given torus action to be
where D is the vector joining the barycenter of P to the barycenter of ∂P , Π is the moment-of-inertia matrix of P ,and where |P | and |∂P | respectively denote the a-measure of the moment polytope and λ-measure of its boundary.
The above discussion then immediately gives us the following result:
be any compact toric almost-Kähler manifold. Then the Hermitian scalar curvature ς satisfies
with equality iff J∇ς is a Killing field of g.
with equality if ς ∈ K. Since we have just seen that
this establishes the desired inequality. It only remains to observe that if ς is the Hamiltonian of a Killing field ξ, then it must actually belong to K. This is true because ς Poisson commutes with x 1 , . . . , x m , so the torus in Iso(M, g) given by {exp(tξ) | t ∈ R} would necessarily, by continuity, consist of Hamiltonian symplectomorphisms whose Hamiltonians would all Poisson commute with x 1 , . . . , x m , too. The Hamiltonians f 1 , . . . , f k of the periodic generators of this torus would therefore be functions of (x 1 , . . . , x m ), and the periodicity of the corresponding vector fields would force the gradients of these functions on R m to necessarily belong to the integer lattice at every point of P . The gradients ∇f 1 , . . . , ∇f k would therefore be constant, and f 1 , . . . , f k would thus be affine linear functions on R m . It follows that f 1 , . . . , f k ∈ K. But ς is, mod constants, a linear combination of f 1 , . . . , f k , so it then follows that ς must belong to K, too.
We now specialize to the case of real dimension 4, where the virtual action
has already been studied elsewhere [34, 35, 36] for toric del Pezzo surfaces. Notice that this m = 2 case enjoys the special property that A becomes scale invariant; in particular, A is unchanged in this setting if we rescale moment polygon by dilating the picture. This primarily reflects the fact that L 2 norms of curvature are scale invariant in dimension 4; however, it also has the added benefit that we would have obtained precisely the same formula virtual action if our conventions had assigned period 2π (or any other fixed number) to each of the generating vector fields of our torus action, instead of taking them to have period 1. Note, however, that this scale invariance does not persist in higher dimensions, so that another choice of conventions would have resulted in a formula for A which involved factors depending on the dimension. Now let M be a simply connected 4-manifold which has been equipped with some fixed T 2 -action, and suppose that there is at least one symplectic structure ω 0 which is T 2 -invariant; in particular, this implies that the intersection form on H 2 (M, R) is of Lorentz type. Time-orient H 2 (M, R) so that [ω 0 ] is future-pointing, and let K ⊂ H 2 (M, R) denote the set of futurepointing of cohomology classes on M which are represented by T 2 -invariant symplectic forms on M. We will call K the symplectic cone of our toric manifold; it is automatically open, and is invariant under the action of the positive reals numbers R + by scalar multiplication. We will call the quotienť K the reduced symplectic cone of the toric manifold. Since the virtual action A is invariant under rescaling, we will find it convenient to view it as a function A :Ǩ → R.
As is shown by Guillemin [23, Appendix 2], these are just the the classes which arise from Kähler metrics for some T 2 -invariant complex structure on M. For toric del Pezzo surfaces, the complex structure with c 1 > 0 is actually unique, so that K can simply be identified with the Kähler cone of the corresponding del Pezzo surface. Proof. There are exactly five toric del Pezzo surfaces. Two of these, CP 2 and CP 1 × CP 1 , have semi-simple automorphism groups, and hence vanishing Futaki invariant (because the Futaki invariant must be invariant under the adjoint action). In these cases, we therefore just have
2 , and the unique critical point therefore occurs at the absolute minimum c 1 . This is of course the Kähler class of the obvious Kähler-Einstein metric on either of these two manifolds.
The three-point blow-up CP 2 #3CP 2 of the projective plane also admits a Kähler-Einstein metric, first discovered by Siu [47] , and the uniqueness of this metric (up to automorphisms and rescalings) follows from the BandoMabuchi theorem [4] . Because
, with equality when [ω] = c 1 , the reverse Cauchy-Schwarz inequality for Minkowski space predicts that the unique minimum of A must occur at the Kähler class c 1 of this Kähler-Einstein metric. However, the fact that there are no other critical points of A is a more delicate issue, and was proved in [34, Proposition 4] .
The existence of an Einstein, conformally Kähler metric on the two-point blow-up CP 2 #2CP 2 of the projective plane was first proved in [10] ; see [36] for a somewhat different proof. It was them proved in [34, Proposition 3] that the corresponding critical point of A is unique, and is in fact a global minimum. By [31] , this reduces the uniqueness problem for the Einstein metric to the uniqueness (modulo automorphisms) of extremal Kaähler metrics in a fixed Kähler class, which had previously been proved in [12] .
The relevant Einstein metric on the one-point blow-up CP 2 #CP 2 of the projective plane was constructed explicitly by Page [44] , although it was Derdziński [14] who later discovered that it is in fact conformally Kähler. Uniqueness of this metric has usually been proved via symmetry arguments [31] , but here we will need to reprove this by examining the virtual action A. By rescaling, we can arrange that the moment polygon takes the form This must have a minimal value for α ∈ (0, ∞) because it behaves like the decreasing function 9 − 6α when α is small, and like the increasing function 2α when α is large. Moreover, this critical point is unique, because
is positive when α > 0. We may thus once again appeal to [12] to obtain a heavy-handed proof of the uniqueness (up to rescalings and automorphisms) of the Einstein, Hermitian metric on this space -although this uniqueness statement can actually be proved in more elementary ways [31, 34] .
To prove our next main result, we will need the following fact: Lemma 4. Let M be a toric del Pezzo surface, equipped with the associated T 2 -action. Let g be any almost-Kähler metric on M which is T 2 -invariant. Then þ(ς) ≥ 0 at every point of M.
Proof. As we have seen, þ(σ) only depends on the moment polygon, and indeed is explicitly given by the affine-linear function
on the moment polygon P . For the three-point blow-up CP 2 #3CP 2 of the complex projective plane, [36, Lemma B.2] proves that þ(ς) > 0 on P by showing that þ(ς) is positive at every vertex of P . (While the statement of that Lemma merely emphasizes consequences for the behavior of putative extremal Kähler metrics, the proof precisely show that þ(ς) > 0.) On the other hand, the above explicit formula for þ(ς) is clearly continuous under degeneration of the polygon by letting a side shrink to length zero. Since every other toric del Pezzo surface is a blow-down of CP 2 #3CP 2 , it therefore follows that þ(ς) ≥ 0 everywhere.
Remark. It can in fact be shown that þ(ς) > 0 everywhere on any toric del Pezzo surface; cf. [36, Lemma A.2] . However, this more delicate fact will not be needed for our present purposes. ♦
We are now in position to prove the following:
Theorem 3. Let M be the underlying 4-manifold of a toric del Pezzo surface, equipped with the associated T 2 action. Then any toric conformal class [g] of symplectic type on M satisfies
where the virtual action A is given by either (10) or (11). Moreover, equality holds iff [g] contains an extremal Kähler metric g.
Proof. Let [g] be a symplectic conformal class which is invariant under the fixed T 2 -action, with harmonic 2-form ω = 0. The conformal invariance of harmonic 2-forms then implies that ω is also T 2 -invariant. Let g ∈ [g] be the unique metric in the conformal class such that |ω| ≡ √ 2. It then follows that g is a T 2 -invariant almost-Kähler metric compatible with the symplectic form ω. Since |W + | 2 dµ is conformally invariant, we will once again prove the desired statement about the conformal class [g] by evaluating the integral with respect to g.
Let us now set F = þ(ς), where ς = s + s * 2 is again the Hermitian scalar curvature of (M, g, ω), and where
is again the L 2 projection to the the subspace
of Hamiltonians for T 2 -invariant Killing fields. Notice that Lemma 4 then tells us that F ≥ 0 everywhere on M. Moreover, sincē
and since F is the pull-back of an affine-linear function on P , we in fact have F > 0 on an open dense set of M. Now Lemma 1 tells us that
at every point of M, with equality exactly at those points where ∇ω = 0 and s ≥ 0. Multiplying by F ≥ 0, we therefore have
and, since F > 0 on a dense set, equality occurs everywhere iff g is Kähler, with s ≥ 0. Integrating over M, we therefore have
since þ is an orthogonal projection with respect to the L 2 inner product; moreover, equality holds throughout iff g is an extremal Kähler metric. On the other hand, the Cauchy-Schwarz inequality tells us that
It follows that
with equality iff g is an extremal Kähler metric.
In particular, Theorem 3 tells us that any toric symplectic class on a del Pezzo surface satisfies 
Einstein Metrics and the Period Map
is not the conformal class of an Einstein metric.
Proof. The Gauss-Bonnet-type formula
implies that any Einstein metric on a compact almost-complex 4-manifold must satisfy
with equality only if the Einstein metric is Ricci-flat. Combining this with the inequality of Theorem 1 thus yields
where the inequality is necessarily strict because a Ricci-flat metric cannot be conformally related to a metric of positive scalar curvature. The result therefore follows by contraposition. 
is not the conformal class of an Einstein metric. Here F 2 once again denotes the norm-square of the Futaki invariant.
Proof. Any del Pezzo surface is simply connected. Since g is an Einstein metric with toric conformal class [g], it therefore cannot be Ricci-flat, because a Bochner-type argument due to Lichnerowicz [38] shows that a compact Ricci-flat manifold with b 1 = 0 cannot admit conformal Killing fields. Hence strict inequality holds in (12) . Combining this inequality with Theorem 3 now yields
and the result follows by contraposition.
Note that the inequality (13) plays an important role in the existence theory of Einstein, conformally Kähler metrics, where the region it defines is the called controlled cone [10, 36] .
Problems and Prospects
Theorems B and C, together with Gursky's Theorem, provide interesting evidence in favor of the following:
Conjecture. Let M be a smooth compact Einstein metric g with positive Einstein constant. Suppose, moreover, that g is Hermitian with respect to some integrable complex structure J on M. Then the conformal class [g] is an absolute minimizer of the Weyl functional W . Moreover, for the given M, every absolute minimizer arises in this manner.
Of course, the techniques developed in this article are by no means sufficient to prove such a result. For a generic conformal class on M, the corresponding harmonic self-dual 2-form ω will vanish along a union of circles [21, 45, 51] , resulting in an incomplete almost-Kähler structure on the complement, and determining a first Chern class which changes as circles are created or annihilated. While one might hope to systematically extend the techniques developed here to cope with these difficulties, it remains to be seen whether such a direct assault on the problem could actually work. An interesting related problem would be to determine whether such circles can be introduced without forcing the Yamabe invariant to become negative.
Extending the estimate of Theorem C to non-toric conformal classes would be desirable, but is technically extremely daunting. In the Kähler case, the corresponding statement was proved by X.X. Chen [11] , but the ideas involved are unlikely to generalize in any direct way to the almostKähler setting. A small but interesting first step, however, might be to simply prove that Theorem C still holds if the toric structure is no longer fixed, but is allowed to range over all possible toric structures on the fixed 4-manifold. Here the main difficulty is that our proof of Theorem 3 depends on the fact that þ(ς) is everywhere non-negative, and this will simply not be true for most toric structures.
On the other hand, it is worth noting that any toric conformal class automatically satisfies c 1 ·[ω] > 0, even if c 2 1 < 0, simply because c 1 is Poincaré dual to the bracelet of symplectic 2-spheres represented by the boundary of the moment polygon. For this reason, Proposition 1 is broadly applicable in the toric setting, and might be a source of useful related results.
so it suffices to show that we can choose g k adapted to ω so that ∇ω L 2 → +∞.
Of course, a choice of almost-Kähler metric g compatible with ω is equivalent to the choice of an almost-complex structure J such that ω is J-invariant; the metric is then given by g = ω(·, J·), and, with respect to this metric, J then just becomes ω with an index raised. It thus suffices to produce a sequence J k of almost-complex structures with
where the norms are to be computed with respect to the associated sequence of metrics g k = ω(·, J k ·).
This can be done via an entirely local construction. First, choose an arbitrary background almost-Kähler metric g adapted to ω, which amounts to choosing a background ω-compatible almost-complex structure J. Now take a Darboux chart (x, y, u, v) near an arbitrary point x ∈ M, so that ω = dx ∧ dy + du ∧ dv (14) and such that J coincides with the standard Euclidean almost-complex structure at the origin, which represents x in these coordinates. Next, by freezing the almost-complex structure near the origin, introduce a perturbed background almost-Kähler metric g 0 = g 0,ε which agrees with the standard Euclidean metric on, say, the coordinate ball of radius 3ε about the origin, but agrees with g outside the ball of radius 4ε; and notice that we can do this so that g 0,ε → g in the C 0 topology as ε → 0. Next, for any fixed ε, notice that we can construct a new almost-Kähler metric g f associated with an almost complex structure given by
on the (3ε)-ball, where f is a smooth function supported in the ball of radius 2ε; we then extend J to all of M by taking it to coincide with the almostcomplex structure J 0 of g 0 outside the (2ε)-ball. The corresponding metric g f is given by g f = e 2f dx 2 + e −2f dy 2 + du 2 + dv ] is negative for all large k. However, the above choice of f k converges to 0 in C 0 , so that g k,ε → g 0,ε in the C 0 topology as k → ∞. On the other hand, we also have g 0,ε → g in the C 0 topology as ε → 0. By choosing a suitably large k(j) for each ε = 2 −j , we therefore obtain a sequence of ω-compatible metrics converging to the given ω-compatible metric g in C 0 , even though their conformal classes have negative Yamabe constants.
In fact, Jongsu Kim [27, 28] has proved much stronger and more difficult results in this direction. Indeed, he shows that one can always construct ω-compatible almost-Kähler metrics g for which the scalar curvature is everywhere negative, even without conformal rescaling.
Finally, we point out that this phenomenon persists in the toric setting: Proof. On a neighborhood of a T 2 orbit, we can again take coordinates (x, y, u, v) so that (14) holds, with y, v coordinates on the base, and with (x, u) now (R/Z)-valued fiber coordinates adapted to the action. We again consider metrics g f as in (15), but with f now a function of (y, v) only. Choosing a sequence f k of such functions which are highly oscillatory in v in a small region makes the L 2 norm of the Nijenhuis tensor tend to infinity, so that s g k dµ g k → −∞, while the volume [ω]
2 /2 remains fixed. Hence Y ([g f k ]) → −∞, as claimed.
